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Abstract. This paper considers estimation of time-varying ARMA models. We focus on models
with recurrent but non-periodic changes in regime. We provide state-space representations and
Kalman-type recursions to obtain a Wold-Cramér decomposition for the residuals. Conditions
ensuring the consistency and the asymptotic normality of two sequences of least squares estimators
of the parameters are given. These conditions, as well as the asymptotic variance of the estimators,
are detailed for models where the regime changes are driven by a Markov chain. A small set of

Monte Carlo experiments is carried out to investigate the finite-sample properties of the estimators.
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1 Introduction

In time series analysis, non-stationary processes and models with time-varying coefficients
are becoming increasingly popular. The reader is referred to Dahlhaus (1997) and Azrak
and Mélard (1999) for works dealing with general classes of non-stationary processes. In
statistical applications, a large part of the literature is devoted to models whose coefficients
are periodic functions (see Basawa and Lund, 2001; Lund, Basawa and Shao, 2001; Lund and
Basawa, 2000; Anderson and Meerschaert, 1997; Hui and Li, 1995; Adams and Goodwin,
1995; Anderson and Vecchia, 1993; Tiao and Grupe, 1980; Pagano, 1978; and the references
therein). It is clear that periodic models are not suitable when the changes in dynamics
occur at irregular dates. This is the case, for instance, for economic series with different
behaviours for legal holidays and worked days. The focus of the present paper is therefore
the estimation of models with non-periodic time-varying coefficients.

We consider a time series (X;);— o, exhibiting changes in regime at known dates. Sup-
pose that we have d regimes. Let s; be the regime corresponding to index ¢, so s; = k when
the time series is in regime £ at time ¢, for k € {1,...,d}. The sequence (s;) is known, but
is assumed to be the realization of a stochastic process (S;). Indeed, we will see that the
asymptotic behaviour of the least squares estimators depends on (s;), not only through the
relative frequencies of the different regimes, but also through the whole regimes generated
process. Our model will be conditional to (S;). In the examples we will consider, (S;) will be
a sequence of independent and identically distributed (i.i.d.) random variables or a Markov
process.

To make ideas concrete, we briefly give a real illustration on the environmental domain
of a possible application of a Markov time-varying modelling. The atmospheric lead content,
which is harmful for health, is known to be governed by the level of precipitation (see e.g.
Kane, Rendell and Jickells, 1994; Jaffrezo and Colin, 1988). Several studies in atmospheric
environment highlighted the elimination of particles matter from the atmosphere due to the
rain, or the so-called “wash-out” phenomenon, and the accumulation of particles into the air
during dry periods. Thus, to explain the evolution of the atmospheric lead content, it would

be worth taking into account the level of rainfall. As first approximation, one could model



the level of precipitation by a Markov chain with two states: the first for rainy weather and
the second for dry weather. Therefore, such a model would be useful to detect exceptional
pollution peaks for the lead content corrected from the precipitation variations. In this
application, the model is just explanatory and does not seem appropriate for prediction,
since we are unable to know the future rainy days. This model could also be applied to
economic time series whose behaviour depends on worked days and public holidays. We can
quote, for instance, the number of passengers on a given railway. For some railways, the
number of passengers significantly decreases during legal holidays compared with its level
during worked days. Since the future public holidays are known, in this example, such a
model would not only serve for explanatory purposes, but also for forecasting.

Given (s;), it is supposed that the dynamics of X, in each regime can be described by an
autoregressive moving-average ARMA (p, ¢) equation, (p,q) € IN?. Thus, we have

X, —m(s;) + Z ai(s) {Xii —m(sii)} = e+ bi(si)es, t=12,... (1)

where B
m = {m(1),m(2),...,m(d)} € R%,
= {al(l),...,al(d),ag(l),...,ap(d)}E]de,

b = {bi(1),...,b1(d),by(1),...,by(d)} € R

are vectors of unknown parameters. Note that, under the additional assumptions made
below, m(s;) can be interpreted as the expectation of X;. Take the atmospheric lead content
example. Consider d = 2 regimes, the first for rainy weather and the second for dry weather.
The environmental theory allows to claim that m(1) < m(2), because of the “wash-out”
phenomenon. For the same reason, the ARMA model of the second regime should be more
persistent than the first one (in the sense that the autocovariances sequence should decay
more slowly in the second regime). The sequence (¢;) is supposed to be an independent
sequence of centered random variables whose variance is allowed to depend on time. More
precisely, we assume that ¢, = o(s;)n;, where (1) is a sequence of i.i.d. random variables such
that En, = En} =0, En? = 1 and En} = my < oo, the components of o = {o(1),...,0(d)}
are strictly positive numbers. All the random variables involved in this paper are defined on

the same probability space (€2, A, IP).



The recursive relation (1) requires starting values that we specify as
Xy —m(s;) =€ =0, fort=1-—max{p,q},...,0.

The best one-step predictor in the mean-square sense X, = Eo(Xy| X _1,...,X1) can be

computed recursively by

X, = m(sy), fort=1—max{p,q},...,0
Xy = m(sg) — b ai(sk) {Xp—i —m(sg—i)} + D0, bi(sk) (Xk—i - Xk—i) : (2)
fork=1,...,t.

The parameter of interest § = (m,a,b)’ = [0(1),...,0({p + ¢+ 1}d)]’ belongs to an open
subset © of R+ and the nuisance parameter o belongs to an open subset ® of R%. The
true values of f and ¢ are respectively denoted by 6y and g,. So we write 6y = (my, ay, b,)’
with ay = {ao1(1), ..., a1 (d), ap2(1),...,a0(d)}, by = {bo1(1),...,bo1(d),boa(1), ..., bog(d)},
my = {mo(1),...,me(d)}, and oy = {o0(1),...,00(d)}. The prediction errors are defined by
e(0) = Xy — X,.

It is clear that, when 6 = 6, (1) can be rewritten as the time-varying MA form

t—1
Xp—mo(s) =e+ > drillo)e—s, t=1,2,.... (3)

i=1
In view of (2), €;(6) is a linear combination of X7,..., X; in which the coefficients depend

ont, si,...,8, and 0: e,(0) = Xy + mo(s1,...,5,0) + Zf;} mi(s1, ..., 5,0)X—;. In the

previous expression, replacing X; and X;_; by their MA form (3), we obtain

t—1

e(0) =) (0, 00)ers + (0, 65). (4)

i=0
Explicit forms of the ¢, ;(6, 6y)’s and ¢;(0, 6p)’s will be derived in Subsection 2.2. For instance,
in the time-varying AR(1) case, we have
. i—2
Vii(0,00) = (—1)" {ao(s¢) — ar(se)} H ao (Si—1-5), (5)
=0
ci(0,60) = {mo(se) —m(s))} + ai(se) {mo(si-1) —m(si-1)}

Crameér (1961) gave a non-stationary version of the well-known Wold decomposition for
weakly stationary processes. The representation (4) can therefore be viewed as a Wold-

Cramér decomposition for the residuals. Section 2 will make the relationship between (4)
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